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Abstract
Recent estimates for the electromagnetic fields produced in the early stages of non-central ultra-
relativistic heavy ion collisions indicate the presence of magnetic fields B ∼ O(0.1− 15m2pi), where
mpi is the pion mass. It is then of special interest to study the effects of strong (Abelian) magnetic
fields on the transport coefficients of strongly coupled non-Abelian plasmas, such as the quark-gluon
plasma formed in heavy ion collisions. In this work we study the anisotropy in the shear viscosity
induced by an external magnetic field in a strongly coupled N = 4 SYM plasma. Due to the spatial
anisotropy created by the magnetic field, the most general viscosity tensor of a magnetized plasma
has 5 shear viscosity coefficients and 2 bulk viscosities. We use the holographic correspondence
to evaluate two of the shear viscosities, η⊥ ≡ ηxyxy (perpendicular to the magnetic field) and
η‖ ≡ ηxzxz = ηyzyz (parallel to the field). When B 6= 0 the shear viscosity perpendicular to the field
saturates the viscosity bound η⊥/s = 1/(4pi) while in the direction parallel to the field the bound is
violated since η‖/s < 1/(4pi). However, the violation of the bound in the case of strongly coupled
SYM is minimal even for the largest value of B that can be reached in heavy ion collisions.
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I. INTRODUCTION
The new state of matter formed in ultra-relativistic heavy ion collisions [1–4] behaves
as a type of strongly coupled Quark-Gluon Plasma (QGP) [5]. Perhaps one of its most
striking features is its apparent near “perfect” fluid behavior inferred from comparisons of
relativistic hydrodynamic calculations to heavy ion data (for a recent review see [6]). In
fact, the experimental data can be reasonably described 1 using very small values of the
shear viscosity to entropy density ratio, η/s ∼ 0.2 [6], which is of the order of the ratio
η/s = 1/(4pi) [10–12] found in a large class of strongly coupled non-Abelian plasmas using
the gauge/gravity duality [13–15] (see [16] for a review that includes applications to heavy
ion collisions). Such a small η/s is not really compatible with standard weak coupling QCD
results [17, 18] and other mechanisms/models have been tried over the years to explain
this ratio [19–27]. In this aspect, the gauge/gravity duality remains as one of the leading
non-perturbative tools suited for calculations of real time properties of strongly coupled
non-Abelian plasmas.
In the last few years, several works have emphasized that non-central heavy ion collisions
are not only characterized by a sizable anisotropic flow but also by the presence of very strong
electromagnetic fields formed at the early stages of the collisions [28–33]. This has sparked
a lot of interest on the effects of strong electromagnetic fields in strongly interacting QCD
matter [34] and, recently, lattice calculations with physical quark masses have determined
how a strong external magnetic field changes the thermodynamic properties of the QGP
[35, 36]. Lattice calculations have also been used in [37–39] to determine the magnetization
of QCD matter in equilibrium and the authors of Ref. [39] argued that the paramagnetic
behavior [40] found in these lattice simulations leads to a sort of paramagnetic squeezing that
could contribute to the overall elliptic flow observed in heavy ion collisions. If the magnetic
field is still large enough at the time that elliptic flow is building up, it is natural to also
consider the effects of strong magnetic fields on the subsequent hydrodynamic expansion of
the QGP.
1 There are other effects, not included in the analysis of [6], which can affect the effective value of η/s
in the QGP. For instance, there are many transport coefficients in viscous relativistic hydrodynamics [7]
and very little is known about their values and their effects on the anisotropic flow. In fact, it has been
recently found that the inclusion of bulk viscosity directly affects estimates of η/s in the QGP [8, 9].
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The strong magnetic field breaks the spatial SO(3) rotational symmetry to a SO(2)
invariance about the magnetic field axis and this type of magnetic field-induced anisotropic
relativistic hydrodynamics has more transport coefficients than the more symmetric case
in order to distinguish the dynamics along the magnetic field direction from that in the
plane orthogonal to the field. In fact, this means that the number of independent transport
coefficients in the shear viscosity tensor ηijkl increases from 1 (in the isotropic case) to 5
in the presence of the magnetic field while there are 2 bulk viscosity coefficients [41–44].
Therefore, one needs to know how this “Zeeman-like” splitting of the different viscosity
coefficients depends on the external magnetic field to correctly assess the phenomenological
consequences of strong fields on the hydrodynamic response of the QGP formed in heavy
ion collisions.
Since one no longer has SO(3) invariance, one may expect that some of the different
shear viscosities could violate the universal result η/s = 1/(4pi) valid for isotropic Einstein
geometries [11, 12], which would then constitute an example of the violation of the viscosity
bound that is of direct relevance to heavy ion collisions. Previous examples involving the
violation of the viscosity bound include: anisotropic deformations of N = 4 Super-Yang-
Mills (SYM) theory due to a z-dependent axion profile [45] computed in [46] where η‖/s <
1/(4pi) along the direction of anisotropy; anisotropic holographic superfluids with bulk SU(2)
non-Abelian fields which present universality deviation for η‖/s [47–49]; and a dilaton-driven
anisotropic calculation recently shown in [50]. We remark, however, that the first examples
of viscosity bound violation were found in (SO(3) invariant) theories with higher order
derivatives in the gravity dual [51–54].
In this paper we evaluate two components of the shear viscosity tensor, namely η⊥ ≡
ηxyxy and η‖ ≡ ηxzxz = ηyzyz, in a strongly coupled non-Abelian plasma in the presence
of an external magnetic field using the gauge/gravity duality (other two shear coefficients
are identically zero for the theory considered here, as shown in the Appendix). These
calculations are done using the membrane paradigm [55, 56]. The holographic model we
consider is simple Einstein gravity (with negative cosmological constant) coupled with a
(prescribed) Maxwell field, which correspond to strongly coupled N = 4 SYM subjected to
an external constant and homogenous magnetic field [57–59]. We examine the role played
by the anisotropy introduced by the external field searching for a violation of the viscosity
bound in η‖/s. A study of the behavior of η‖/s is also of phenomenological interest for the
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modeling of the strongly coupled QGP under strong magnetic fields.
This work is organized as follows. In Section II we review the thermodynamics of the
magnetic brane background found in [57], introduce our notation, and discuss the numerical
procedure used to solve the Einstein-Maxwell coupled equations. In Section III, after a pre-
liminary discussion about the computation of η/s from the membrane paradigm in isotropic
theories, we show that metric fluctuations in this background parallel and transverse to the
external magnetic field result in scalar field fluctuations with two different couplings. This
result can then be used in the context of the membrane paradigm to evaluate the shear
viscosity coefficients η⊥ and η‖. We finish in Section IV with a discussion of our results.
II. MAGNETIC BRANE BACKGROUND
We consider in the bulk a simple Einstein+Maxwell system and look for solutions cor-
responding to the deformation of the AdS5-Schwarzchild geometry due to a U(1) Abelian
gauge field [57]. The U(1) gauge field is chosen to give a constant and homogeneous mag-
netic field. This magnetic field in the bulk is then taken as an external magnetic field at
the boundary gauge theory [57], which is strongly coupled N = 4 SYM. Clearly, the adjoint
fermions in SYM feel directly the effects of the magnetic field but, due to fermion loops,
the gluon sector is also affected by the field. This is why the thermodynamic properties of
this “magnetic” SYM plasma considerably differ from those found in SYM in the absence of
external fields.
Let us review this background and its thermodynamic properties. The action of the 5-
dimensional gravitational bulk theory is given by the Einstein-Hilbert action coupled with
a Maxwell field
S =
1
16piG5
∫
d5x
√−g
(
R +
12
L2
− F 2
)
+ SCS + SGH , (1)
where G5 is the 5-dimensional gravitational constant, L is the asymptotic AdS5 radius and
F is the Maxwell field strength 2-form. The terms SCS and SGH are the Chern-Simons and
Gibbons-Hawking terms. The latter is necessary to define a well posed variational problem
but both the CS and GH terms will not play a role in the calculation of shear viscosity coef-
ficients2. Other terms are needed in (1) from the viewpoint of holographic renormalization
2 We note that our definition for the Riemann tensor possesses an overall minus sign in comparison to the
one used in [57].
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but those do not affect the calculations performed in this paper. The equations of motion
are then given by the Einstein’s equations
Rµν = − 4
L2
gµν − 1
3
FρσF
ρσgµν + 2FµρF
ρ
ν , (2)
and the Maxwell’s field equations for the Abelian field,
∇µF µν = 0. (3)
Following [57], the Ansatz for the magnetic brane geometry is
ds2 = −U(r)dt2 + dr
2
U(r)
+ f(r)(dx2 + dy2) + p(r)dz2, (4)
where U(r), f(r) and p(r) are determined by solving the equations of motion. The holo-
graphic coordinate r is such that the boundary is located at r →∞. We want a black brane
background and, thus, we require that at a given r = rh the function U(r) has a simple zero.
The Ansatz for the field strength F is given by
F = B dx ∧ dy, (5)
where the constant B is the bulk magnetic field, oriented along the z direction. It can be
checked that the equation of motion (3) is trivially satisfied by this Ansatz.
In the absence of a magnetic field p(r) = f(r), which reflects the spatial SO(3) invariance
of the boundary gauge theory. However, since the magnetic field establishes a preferred
direction in space, it breaks the SO(3) spatial symmetry to only a SO(2) symmetry in the
x, y directions. In the bulk theory this is taken into account by the fact that in this case
f(r) 6= p(r).
The equations of motion derived from (4) are
U(V ′′ −W ′′) + (U ′ + U(2V ′ +W ′)) (V ′ −W ′) = −2B2e−4V ,
2V ′′ +W ′′ + 2(V ′)2 + (W ′)2 = 0,
1
2
U ′′ +
1
2
U ′(2V ′ +W ′) = 4 +
2
3
B2e−4V (6)
2U ′V ′ + U ′V + 2U(V ′)2 + 4UV ′W ′ = 12− 2B2e−4V ,
where we defined V and W by f = e2V and p = e2W . By Bianchi’s identity, the fourth
equation of motion can be shown to be a consequence of the three first equations and, thus,
it can be taken as a constraint on initial data.
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It is well-known that charged systems undergo dimensional reduction in the presence of
strong fields due to the projection towards the lowest Landau level [60–62] (see the recent
review in [63]). Taking that into account, the authors of [57] proposed that the background
(4) satisfied two conditions. The first condition is that the geometry must be asymptotically
AdS5, that is, U(r) → r2, p(r) → r2 and f(r) → r2 when r → ∞ since in the UV we must
recover the dynamics of N = 4 SYM without the influence of the magnetic field. The second
condition is that in the asymptotic IR the geometry becomes a BTZ black hole [64] times a
two dimensional torus T 2 in the spatial directions orthogonal to the magnetic field. In fact,
deep in the IR the geometry near the horizon of the black brane rh, r ∼ rh, is given by
ds2 =
[
−3(r2 − r2h)dt2 + 3r2dz2 +
dr2
3(r2 − r2h)
]
+
[
B√
3
(dx2 + dy2)
]
. (7)
This implies that in the IR the dynamics corresponds to a (1+1) dimensional CFT. Thus,
imposing that the background interpolates between the BTZ black hole for r ∼ rh and AdS5
for high T and interpreting the flow along the r direction as a renormalization group flow,
this solution flows from a (1+1) dimensional CFT in the IR to a 4 dimensional CFT in the
UV [57].
A. Numerical solution and thermodynamics
Unfortunately, no analytic solution which interpolates between AdS5 and the BTZ×T 2
geometry is known and, thus, we must resort to numerics. In this subsection we briefly review
the numerical procedure for solving the equations of motion and the thermodynamics, first
elaborated in [57]. We do so since the same procedure will be used to determine η///η⊥
numerically in Section III.
The strategy is to first choose the scale for the t and r coordinates to fix the horizon
position at rh = 1 so that U˜(1) = 0, where the tilde indicates that we are in the rescaled
coordinates t˜ and r˜. By using the fact that any physical quantity in this model should
depend on the dimensionless ratio T/
√
B, we also fix the temperature at T = 1/(4pi) -
this means that we take U˜ ′(1) = 1. Also, we rescale the x, y, and z coordinates to have
V˜ (1) = W˜ (1) = 0. In these new coordinates, the magnetic field is b. After these redefinitions,
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the first and fourth equations in (6) imply that
V˜ ′(1) = 4− 4
3
b2 and
W˜ ′(1) = 4 +
2
3
b2. (8)
This gives a well posed initial value problem for U˜(r˜), V˜ (r˜), and W˜ (r˜), which can be
integrated out from r˜ = 1 to a large value of r˜. It can be checked numerically that the
geometry has the asymptotic behavior
U˜(r˜)→ r˜2, e2V˜ (r˜) → vr˜2, e2W˜ (r˜) → wr˜2, (9)
where v(b) and w(b) are proportionality constants that depend on the rescaled magnetic
field b. This result implies that, apart from a coordinate rescaling, the geometry is asymp-
totically AdS5. To go back to the original units and have the correct AdS5 asymptotic
behavior, we need to rescale back to our original coordinate system by doing (x˜, y˜, z˜) →
(x/
√
v, y/
√
v, z/
√
w). The metric is then (in coordinates that are asymptotically AdS5)
ds2 = −U˜(r)dt2 + dr
2
U˜(r)
+
e2V˜ (r)
v
(dx2 + dy2) +
e2W˜ (r)
w
dz2, (10)
where we note that we have taken r = r˜. By the same token, the field strength is now
written as
F =
b
v
dx ∧ dy. (11)
Therefore, the rescaled magnetic field is related to the physical field at the boundary by
B = b/v. Also, note that the first equation (8) implies that for b >
√
3 we have V ′(1) < 0,
which means that the geometry will not be asymptotically AdS5. Thus, the rescaled field b
has an upper value given by bmax =
√
3.
From (10), one can obtain the thermodynamics of the gauge theory. The physical field
is B = √3B, as argued in [57] by comparing the Chern-Simons term in (1) with the N = 4
SYM chiral anomaly. The dimensionless ratio T/
√B is given by
T√B =
1
4pi 31/4
√
v
b
. (12)
while the dimensionless ratio of the entropy density s by N2B3/2 (using that G5 = pi/2N2)
is
s
N2B3/2 =
1
33/42pi
√
v
b3w
. (13)
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FIG. 1: (Color online) The rescaling parameters v (solid blue curve) and w (dashed black
curve) as a function of b/
√
3.
The numerical procedure for evaluating the thermodynamics can then be summarized as
follows: one chooses a value of the rescaled magnetic field b, numerically solves the equations
of motion, and obtains the rescaled parameters v and w by fitting the asymptotic data for
V˜ (r) and W˜ (r) to the functions vr2 and wr2. By varying b, one can obtain the functions
v(b) and w(b) and evaluate T/
√B versus s/(N2B3/2) by using b as a parameter. In Fig. 1
we show v and w as a function of b. The entropy density is shown in Fig. 2 and we have
checked that our results match those previously found in [57].
III. ANISOTROPIC SHEAR VISCOSITY DUE TO AN EXTERNAL MAGNETIC
FIELD
A. Isotropic shear viscosity
From linear response theory [65], the viscosity tensor for an anisotropic theory is given
by the Kubo formula
ηijkl = − lim
ω→0
1
ω
Im GRij,kl(ω,~k = 0) with i, j, k, l = x, y, z (14)
where GRij,kl(ω,~k) is the momentum space retarded Green’s function given by
GRij,kl(ω,
~k) = −i
∫
d4x e−ik·xθ(t)
〈[
Tˆij(x), Tˆkl(0)
]〉
, (15)
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FIG. 2: The normalized entropy density s/(N2B3/2) as a function of the dimensionless
combination T/
√B.
while Tˆij is the stress energy operator in the quantum field theory.
For an isotropic theory of hydrodynamics in the absence of other conserved currents,
there are only two transport coefficients associated with energy and momentum at the level
of relativistic Navier-Stokes theory, namely the isotropic shear viscosity η and the bulk
viscosity ζ. The computation of η in strongly coupled gauge theories using the gauge/gravity
duality, in the case of isotropic gauge theories with two derivative gravitational duals, gives
a universal value [10, 12]
η
s
=
1
4pi
. (16)
A convenient method that can be used to derive this result is the membrane paradigm
[55]. In this framework, if we want to compute the transport coefficient χ of a scalar operator
Oˆ given by the Kubo formula
χ = − lim
ω→0
1
ω
Im GR(ω,~k = 0), (17)
where GR is the retarted correlator associated with the scalar operator Oˆ
GR(ω,~k) = −i
∫
d4x e−ik·xθ(t)〈
[
Oˆ(x), Oˆ(0)
]
〉, (18)
one needs to look for fluctuations φ of the associated bulk field in dual gravity theory, in
accordance with the gauge/gravity dictionary [14, 66]. In the case that the action for the
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fluctuations is given by a massless scalar field with an r dependent coupling Z(r),
Sfluc = −
∫
d5x
√−g 1
2Z(r)(∂φ)
2, (19)
the transport coefficient χ is given by the corresponding transport coefficient χmb of the
stretched membrane of the black brane horizon [55]
χ = χmb =
1
Z(rh) . (20)
In the case of the isotropic shear viscosity η, we must consider the fluctuations hxy of the
metric component gxy since the energy-momentum tensor operator in the gauge theory Tˆµν
is dual to the bulk metric gµν of the gravity dual. Given that in isotropic backgrounds
the mixed fluctuation hyx can be described as the fluctuation of a massless scalar field with
Z(r) = 16piG5 [12], then η = 1/(16piG5). The universal result in (16) follows from identifying
the entropy density with the area of the horizon via the Bekenstein formula.
B. Metric fluctuations and anisotropic shear viscosity
Let us now consider metric fluctuations about the background (4), which is a solution of
the Einstein-Maxwell system (1). In a fluid with axial symmetry about an axis due to an
external magnetic field there are, in principle, 7 independent transport coefficients in the
full viscosity tensor ηijkl defined in (14), five of which are shear viscosities and the other two
bulk viscosities [41, 42] - for completeness, in the Appendix we present a brief derivation
of this result. However, as also shown in the Appendix, of the five shear viscosities, two of
them are identically zero for the class of anisotropic diagonal backgrounds given by Eq. (4),
which reduces the total number of independent components of the shear tensor from 7 to 5
(incidentally, anisotropic superfluids also have 5 transport coefficients [43, 48]). In our case,
we are especially interested in the following two components of ηijkl,
ηxyxy = η⊥, and ηyzyz = ηxzxz = η‖ . (21)
The magnetic field breaks the SO(3) rotational invariance of background to only a SO(2)
rotation invariance about the z axis. Thus, as expected, it is possible to show that linearized
φ(t, r) = hyx(t, r) fluctuations obey
δS = − 1
32piG5
∫
d5x
√−g (∂φ)2, (22)
10
which means that the shear viscosity ηxyxy ≡ η⊥ is still given by (16) and this shear coefficient
saturates the viscosity bound.
However, hzx (or, equivalently, hzy) fluctuations are not protected by the remaining ro-
tation invariance of the background. In fact, in the context of the membrane paradigm, we
must first show that the fluctuation hzx(t, r) obeys the equation of a massless scalar field
in order to apply (20). However, the coupling in the action may differ from (22) and, thus,
η‖ 6= η⊥.
Consider then a fluctuation of the form gzx → gzx + hzx 3. In order to have a scalar-
like action with just the kinetic term (and possibly an r dependent coupling), we choose
the mode ψ(t, r) ≡ hzy(t, r), rather than hyz for example. Inserting this fluctuation into the
action and keeping only quadratic terms one can show that
δS =
1
16piG5
∫ √−g{ψ2 [p
f
− p
f 2
f − 3
2f 2
∂µf∂
µp+
3p
2f 3
(∂f)2
]
+
+
[
2p
f
ψψ − 3p
2f 2
∂µf∂
µψ2 +
2
f
∂µp∂
µψ2
]
+
+
[
− 3p
2f
(∂tψ)
2
U
+
3p
2f
U(∂rψ)
2 =
3p
2f
∂µψ∂
µψ
]
+ (23)
−
[(
R +
12
L2
− F 2
)
p
2f
ψ2 +
p
f
F 2ψ2
]}
,
where the d’Alembertian is
 = − 1
U
∂2t + U∂
2
r +
(
U ′ +
Uf ′
f
+
Up′
2p
)
∂r . (24)
Now, using that the trace of the Einstein’s equations gives R+20/L2 = F 2/3 and, integrating
by parts the ψψ term, we obtain
δS =
1
16piG5
∫
d5x
√−g
[
− p
2f
∂µψ∂
µψ − p
2f 2
∂µf∂
µψ2 +
1
f
∂µp∂
µψ2+
+ψ2
(
p
f
− p
f 2
f − 3
2f 2
∂µf∂
µp+
3p
2f 3
(∂f)2
)
+
(
4p
fL2
ψ2 +
F 2
3
p
f
ψ2
)
− p
f
F 2ψ2
]
.
(25)
We now use the unperturbed Einstein’s equations. One needs the zz equation
4p
fL2
=
p
2f
− (∂p)
2
2pf
− F
2
3
p
f
(26)
3 One can show that homogeneous fluctuations of the U(1) bulk field Aµ decouple from the corresponding
fluctuations hxy and hzx.
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and also the yy equation,
− 1
2
p+ (∂p)
2
2p
= −4p
L2
− F
2
3
p. (27)
Using the zz (26) equation in (25) and integrating by parts once again, noting that
1
f
∂µp∂
µψ2 = ∇µ
(
∂µp
f
ψ2
)
+
1
f 2
∂µf∂
µpψ2 − ψ2p
f
and (28)
− p
2f 2
∂µf∂
µψ2 = −∇µ
(
ψ2
p
2f
∂µf
)
+
ψ2
2f 2
∂µp∂
µf − p
f 3
ψ2(∂f)2 +
p
2f 2
ψ2f, (29)
we arrive at
δS =
1
16piG5
∫
d5x
√−g
[
− p
2f
∂µψ∂
µψ +
p
f
ψ2 +
+
p
f
ψ2
(
1
2
p
p
− 1
2f
f + 1
2f 2
(∂f)2 − (∂p)
2
2p2
)
− p
f
F 2ψ2
]
. (30)
Finally, from (26) and (27)
1
2
p
p
− 1
2f
f + 1
2f 2
(∂f)2 − (∂p)
2
2p2
= F 2, (31)
one can show that the action for the fluctuations (30) becomes
δS = − 1
16piG5
∫
d5x
√−g
(
p(r)
2f(r)
∂µψ∂
µψ
)
. (32)
Therefore, we have a massless scalar field with an r dependent couplingZ(r) = 16piG5f(r)/p(r).
These functions were found in the previous section to determine the thermodynamic prop-
erties of this system and, thus, in the next section we shall evaluate η‖.
C. Viscosity bound violation due to an external magnetic field
From the result of the previous section, it follows that we can also apply the membrane
paradigm to (32) to evaluate η‖, using (20). We then have
η‖
s
=
1
4pi
p(rh)
f(rh)
. (33)
In terms of the numerical, rescaled geometry described in (10), we then obtain
η‖
s
=
1
4pi
w
v
. (34)
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FIG. 3: (Color online) The ratio of shear viscosities (η/s)‖/(η/s)⊥ as a function of B/T 2.
The solid blue line is the numerical result from (η/s)‖/(η/s)⊥ = w/v; the dashed red line is
the asymptotic result valid only when B  T 2. (35)
Thus, the ratio (η/s)‖/(η/s)⊥ is given by w/v. Using this result, we can then evaluate the
degree of anisotropy of the shear viscosities as a function of B/T 2; we show the results in Fig.
3. One can see that for B/T 2  1, η‖ → η⊥, reflecting the fact that at high temperatures
we recover the isotropic strongly coupled SYM plasma limit. The asymptotic behavior in
the opposite limit, B/T 2  1, can be understood by looking at the BTZ metric (7), which
is the relevant geometry in this case. Evaluating η‖ in this limit, one obtains the asymptotic
behavior
η‖
s
∼ piT
2
B , (B  T
2), (35)
which is also shown in Fig. 3. We should note that in this model, η‖/s < 1/(4pi) whenever
B > 0. This gives another example in which the viscosity bound in a gravity dual is
violated due to anisotropy. The formula above indicates that η‖/s can become much smaller
than 1/(4pi) for sufficiently strong fields. However, it is conceivable that in this limit other
constraints must be imposed to obtain a well defined theory. In fact, it was found in [52, 53]
that causality in the gauge theory constituted an important constraint that was used to set
a lower value for η/s in that particular case involving higher order derivatives in the gravity
dual. This matter deserves further study and we hope to address this question in the future.
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IV. CONCLUSIONS
Motivated by the recent studies involving the effects of electromagnetic fields on the
strongly coupled plasma formed in heavy ion collisions, in this paper we used the holographic
correspondence to compute two anisotropic shear viscosity coefficients of a strongly coupled
N = 4 SYM plasma in the presence of a magnetic field. As expected, the shear viscosity that
describes the dynamics in the plane transverse to the magnetic field, η⊥ is not affected by
the field and, thus, it still saturates the viscosity bound, i.e., η⊥/s = 1/(4pi). On the other
hand, the shear viscosity coefficient along the axis parallel to the external field, η‖, violates
the bound when B > 0. In fact, we find η‖/s < 1/(4pi). These results are qualitatively
similar to those found in [46] for the case of an anisotropic plasma created by a spatial
dependent axion profile [45]. However, the source of anisotropy in our case (the magnetic
field) is arguably more directly connected to heavy ion phenomenology than the one used in
[46].
Plasmas in the presence of magnetic fields usually experience instabilities and it would be
interesting to investigate whether there are instabilities induced by strong magnetic fields in
the strongly coupled plasma studied in this paper. In fact, one could compute the spectral
functions and the quasi-normal modes associated with η‖ and check if there is any sudden
change in their behavior at strong fields. Also, instabilities in homogenous magnetic media
can sometimes be resolved by the formation of magnetic domains and, thus, it would be
interesting to investigate whether this is the case for the theory considered in this paper.
Our results for the magnetic field dependence of η‖/s show that this ratio only deviates
significantly from 1/(4pi) when B/T 2  1. Taking the typical temperature at the early
stages of heavy ion collisions to be T ∼ 2mpi, we see that 4piη‖/s ∼ 0.9 when B ∼ 40m2pi.
This value of magnetic field may be too large for heavy ion phenomenology and, thus,
our results suggest that anisotropic shear viscosity effects in strongly coupled plasmas are
minimal and the isotropic approximation is justified. It would be interesting to check if
the same behavior is obtained in strongly coupled plasmas that are not conformal (such as
the bottom-up models in Refs. [67–71]) to see if there is some nontrivial interplay between
the confinement/deconfinement scale and the external magnetic field. Such a study would
perhaps give a better idea of the magnetic field induced-anisotropy in the shear viscosity
of the QGP. Alternatively, one could also study the effects of strong magnetic fields on the
14
weak coupling calculations of [17, 18] perhaps following the general procedure to compute
transport coefficients of relativistic hydrodynamics from the Boltzmann equation proposed
in [72].
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Appendix A: Shear tensor in a magnetic field
In this Appendix we show how one can determine the form of the shear tensor in the
presence of an external magnetic field - the detailed discussion can be found in [41]. Here we
will present an overview of how one can construct a rank-4 viscosity tensor ηαβµν , incorporate
the anisotropy due to the magnetic field B, and then extract the shear viscosities ηxzxz and
ηxyxy from Kubo’s formula4. To clarify the discussion, we define the dissipation function R
R =
1
2
ηµναβwµνwαβ, (A1)
where wµν = 12 (∇µuν +∇νuµ), with uµ being the 4-velocity and ∇µ = ∆µν∂ν ; the object
∆µν is just a projector on the directions orthogonal to uµ. Thus, the viscosity tensor gives us
information about dissipation (i.e., generation of entropy) in the fluid. Taking the derivative
of (A1) with respect to wµν , we obtain the usual stress tensor Πµν
Πµν = ηµναβwαβ. (A2)
The construction of the viscosity tensor is based on its symmetry properties
ηµναβ(B) = ηνµαβ(B) = ηµνβα(B) (A3)
and the Onsager principle [41, 42]
ηµναβ(B) = ηαβµν(−B). (A4)
4 For the sake of convenience, we will adopt the same conventions of those adopted in [41] and, thus, we
will work in 4-dimensional Minkowski spacetime with mostly minus signature.
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First, one writes down all the linear independent objects satisfying the above conditions of
symmetry
(i) ∆µν∆αβ
(ii) ∆µα∆νβ + ∆µβ∆να
(iii) ∆µνbαbβ + ∆αβbµbν
(iv) bµbνbαbβ
(v) ∆µαbνbβ + ∆µβbνbα + ∆ναbµbβ + ∆νβbµbα
(vi) ∆µαbνβ + ∆µβbνα + ∆ναbµβ + ∆νβbµα
(vii) bµαbνbβ + bµβbνbα + bναbµbβ + bνβbµbα (A5)
where bµ is a spacelike vector orthogonal to the magnetic field, and bµν = µναβbαuβ. This
means that we have seven coefficients, five shear viscosities and two bulk viscosities. The
shear viscosities are related to the traceless part of Πµν while the bulk viscosities are related
to the trace of the stress tensor. We note that Onsager’s condition in Eq. (A2) is responsible
for the presence of the two last tensors, (vi) and (vii), involving the Levi-Civita symbol
µναβ. These structures may appear in magnetized plasmas [41, 42] but they are not present
in the case of anisotropic superfluids [43].
In fact, according to [48–50], for an anisotropic diagonal metric one can find only five
linearly independent coefficients for the shear viscosity tensor due to metric fluctuations.
This result is valid for the diagonal anisotropic background considered in this work, Eq. (4),
and one can show using Kubo’s formulas that the two coefficients associated with (vi) and
(vii) trivially vanish due to the general structure of the background metric.
For the sake of convenience, we will adopt the same combination of viscosity coefficients
chosen in [41]. Thus, using the general linear combination of the structures above, we find
the most general form of the viscosity tensor in the presence of a constant magnetic field
ηµναβ =(−2/3η0 + 1/4η1 + 3/2ζ⊥)(i) + (η0)(ii) + (3/4η1 + 3/2ζ⊥)(iii)
+ (9/4η1 − 4η2 + 3/2ζ⊥ + 3ζ‖)(iv) + (−η2)(v) + (−η4)(vi)
+ (−η3 + η4)(vii). (A6)
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The Kubo formulas for these coefficients are given by [41]
ζ⊥ = −1
3
∂
∂ω
[
2GR
P˜⊥P˜⊥
(ω,~0) +GR
P˜⊥P˜‖
(ω,~0)
] ∣∣∣∣
ω→0
ζ‖ = −1
3
∂
∂ω
[
2GR
P˜⊥P˜‖
(ω,~0) +GR
P˜‖P˜‖
(ω,~0)
] ∣∣∣∣
ω→0
η0 = − ∂
∂ω
ImGR
Tˆ 12,Tˆ 12
(ω,~0)
∣∣∣∣
ω→0
η1 = −4
3
η0 + 2
∂
∂ω
GR
P˜⊥P˜‖
(ω,~0)
∣∣∣∣
ω→0
η2 = −η0 − ∂
∂ω
ImGR
Tˆ 13,Tˆ 13
(ω,~0)
∣∣∣∣
ω→0
η3 = − ∂
∂ω
GR
P˜⊥,Tˆ 23
(ω,~0)
∣∣∣∣
ω→0
η4 = − ∂
∂ω
GR
Tˆ 13,Tˆ 23
(ω,~0)
∣∣∣∣
ω→0
, (A7)
where P˜⊥ = Pˆ⊥−(θβ−Φβ)ˆ and P˜‖ = Pˆ‖−θβ ˆ; with Pˆ⊥ = −12(∆µν+bµbν)Tˆ µν , Pˆ‖ = bµbνTˆ µν ,
θβ =
(
∂P
∂
)
B
, Φβ = −B
(
∂M
∂
)
B
, ˆ = uµuνTˆ µν . M is the magnetization of the plasma. Also,
the retarded Green’s function is defined as
GR
AˆBˆ
(ω,~k) = −i
∫
d4x e−ik·xθ(t)
〈[
Aˆ(x), Bˆ(0)
]〉
. (A8)
The relation between these coefficients and the shear viscosities, η⊥ and η‖, calculated
holographically, is
η0 = η⊥
η0 + η2 = η‖. (A9)
Finally, one can see from Eq. (A7) that for the type of background considered in this
paper η3 = η4 = 0 because the components hxz, hyz, (hyy+hxx), and hzx do not mix when one
computes the action for the fluctuations. Thus, there are only five independents transport
coefficients in this class of anisotropic backgrounds as mentioned above.
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